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A degenerate elliptic equation * 2p u+uq&1(1&ur)=0 with zero Dirichlet
boundary condition, where * is a positive parameter, 2<p<q, and r>0, is studied.
It has been known that there exists a positive number 4 such that if *>4, then the
problem has no positive solution; if *4, then there exists a maximal solution; and
for sufficiently small * (<4), the problem has at least two solutions. In this article,
it is shown that if *<4, then there exist at least two positive solutions, via the
variational method.  2001 Academic Press
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1. INTRODUCTION AND RESULTS
Let 0 be a connected, bounded open subset of RN, N2, with C 2, :-
boundary 0 for some : # (0, 1). We consider the following degenerate
elliptic equation,
* 2pu+ f (u)=0 in 0,
(P)* {u0, 0 in 0,u=0 on 0,
where * is a positive parameter, 2p is the p-Laplace operator given by
2pu=div( |{u| p&2 {u), and f is given by
f (u)=uq&1(1&ur)
with 2< p<q and r>0.
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The problem (P)* has been studied by many authors in the case p
q>2 (cf. Garc@ a-Melia n and Sabina de Lis [7], Guedda and Ve ron [8],
Kamin and Ve ron [9], Takeuchi and Yamada [17]). In this case, since
f (s)s p&1 becomes monotone decreasing for s # (0, 1], we know that the
solution of (P)* is unique (as far as it exists) from the uniqueness result of
D@ az and Saa [5]. It is also known that the unique solution has flat core
property; that is, for sufficiently small *>0, there appears a flat place in the
graph of solution, and the uniqueness of solution plays an important role
to study the existence and *-dependence of flat core.
For the case 2< p<q, the structure of solutions for (P)* is different. For
N=1, the author and Yamada [17, Theorem3.3] have obtainedcomplete infor-
mation on the global bifurcation structure of solutions of (P)* and concluded
that there exist exactly two solutions for a certain range of * by the phase-
plane analysis (we have also studied in [17] the non-stationary problem
associated with (P)* ; see also [15]). However, in higher dimensional case,
phase-plane analysis is no longer useful and one has to approach by other
methods. Recently, the author [16] has proved the following results for N2:
Theorem 1.1 [16]. Let 2< p<q and r>0. Then there exists a positive
number 4 such that
(i) if *>4, then (P)* has no solution;
(ii) if *4, then (P)* has a maximal solution u * .
Furthermore, there exists a positive number 4* # (0, 4] such that for any
* # (0, 4*), (P)* has another solution u*u * , u * .
Remark 1.1. (i) Non-existence of solution has been proved by Ve ron
[19] for the p-Laplace operator on a compact Riemannian manifold
without boundary.
(ii) A maximal solution is defined as a solution u satisfying uv for
all solutions v of (P)* .
(iii) Flat core property and its *-dependence of maximal solution
have been also studied in [16].
(iv) Can~ ada, Dra bek, and Ga mez [3a] have mentioned a second
solution of (P)* . However, they gave no result about it.
In the proof of Theorem 1.1, maximal solutions are constructed by the
usual barrier method. As for the existence of second solution, the proof of
[16] uses a variational approach in the following manner. Observe that
solutions of (P)* satisfy 0<u1 in 0 (see [16, Proposition 2.1]), so that
they coincide with critical points of the following C1-functional 8 on W 1, p0 ,
8(u)=
*
p
&{u& pp &|
0
F (u) dx, (1.1)
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where F (u)=u0 f !(s) ds and f !(s) :=f (s) in [0, !], :=0 in (&, 0) and
:= f (!) in (!, +) for any !>1 fixed. Here, & }&p denotes L p-norm. We
can show that 8 satisfies the PalaisSmale condition (cf. Dinca et al. [6],
the proof of [16, Theorem 1.3]) and that there exists a positive number
4* # (0, 4] such that for any * # (0, 4*), the value of 8 to (P)* at u *
becomes negative, hence 8(0)=0>8(u *). Thus, the usual mountain pass
theorem (see Ambrosetti and Rabinowitz [2], Rabinowitz [14]) gives a
second solution of (P)* . However, we had no information whether (P)*
admits a second solution for any * # (0, 4), that is, 4*=4.
In this paper, we will show the following ‘‘maximal’’ result for existence
of second solution of (P)* , which is an extension of the last assertion of
Theorem 1.1:
Theorem 1.2. Let 2< p<q and r>0. Then, for any * # (0, 4), (P)* has
a solution u* satisfying u*u * , u * , where 4 is the number appearing in
Theorem 1.1 and u * is the maximal solution of (P)* .
In order to prove Theorem 1.2, our strategy is to apply an extended
mountain pass theorem by Pucci and Serrin, which asserts that, if 8 has
a pair of local minima, then 8 possesses a third critical point (see Pucci
and Serrin [12, Theorem 4], also [14, Corollary 3.15]). In the next
section, we will prove that the trivial solution u=0 is a local minimizer of
8 in W 1, p0 for every *>0 (Lemma 2.1), and that if the maximal solution
u * is isolated, then u * is also a local minimizer of 8 in W 1, p0 for * # (0, 4)
(Lemmas 2.2 and 2.3). Finally we can conclude Theorem 1.2.
Remark 1.4. For the linear diffusion case 2= p<q, Rabinowitz [13]
has studied (P)* by combining critical point theory and the Leray
Schauder degree theory, and obtained Theorem 1.2 (see also [2, 14]).
Especially, when 0 is a ball, Ouyang and Shi [11] have obtained precise
global bifurcation diagram and concluded that there exist exactly two
solutions for small * by using a bifurcation theorem of Crandall and
Rabinowitz [4].
2. PROOF OF THEOREM 1.2
Lemma 2.1. For every *>0, the trivial solution u=0 is a local minimizer
of 8 in W 1, p0 .
Proof. Since p<q, for any $>0 there exists C$>0 such that f !(s)
$s p&1+C$ sq*&1, where q* is any number satisfying p<q*< p* and p* :=
Np(N& p) if p<N, :=+ if pN. Then F (u)$u pp+C$ uq*q*. Thus,
the Sobolev inequality assures
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8(u)
*
p
&{u& pp &
$
p
&u& pp &
C$
q*
&u&q*q*
\*&C1 $p &
C2C$
q*
&{u&q*& pp + &{u& pp ,
where C1 , C2 are positive constants and $ # (0, *C1). Therefore, we see
that there exists a positive number \ such that 8(u)0=8(0) if
&{u&p\. K
Fix * # (0, 4) and let *i , =i (i=1, 2) be numbers satisfying that 0<*2<
*<*14 and (**1)1(q& p)<=1<1<=2<min[!, (**2)1(q& p)]. Then we
can see that u1 :==1u *1 is a lower solution and u2 :==2u *2 is an upper solu-
tion of (P)* , respectively, where u *i (i=1, 2) is the maximal solution of
(P)*i (for the definitions of upper and lower solution, see Section 1 in
[16]). Note that u * is an interior point of
A :=[u # C 10(0 ); u1uu2 in 0], (2.1)
with respect to C1-topology by the maximum principle due to Va zquez
[18, Theorem 5], and that f (u)= f !(u) for all u # A.
Lemma 2.2. Let * # (0, 4) and assume that (P)* has no solution in A
except for u * . Then u * is a local minimizer of 8 in C 10 .
Proof. Let f be the truncated function of f ! as
f !(u1(x)) if s<u1(x),
f (x, s) :={ f !(s) if u1(x)su2(x),f !(u2(x)) if s>u2(x)
and set F (x, u) :=u0 f (x, s) ds. Using F , we consider the following auxiliary
functional 8 associated with 8:
8 (u)=
*
p
&{u& pp &|
0
F (x, u) dx.
It follows from the direct method that 8 has a global minimizer u0 # W 1, p0 .
Therefore u0 satisfies
* 2pu0+ f (x, u0)=0 in 0 (2.2)
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and we see u0 # C 10(0 ) by Lieberman’s regularity result [10]. Moreover,
since u1 is a (weak) lower solution of (P)* and u0 is a (weak) solution
of (2.2),
* |
[u1>u0]
( |{u1 | p&2 {u1&|{u0 | p&2 {u0) } ({u1&{u0) dx
|
[u1>u0]
( f (u1)& f (x, u0))(u1&u0) dx
=|
[u1>u0]
( f (u1)& f !(u1))(u1&u0) dx=0. (2.3)
Here we have used the function max[u1&u0 , 0] # W 1, p0 (0) as test function.
The left-hand side of (2.3) is bounded from below by
C0 |
[u1>u0]
|{(u1&u0)| p dx;
so that [u1>u0]=< and we obtain u1u0 in 0. It also follows from
similar arguments that u0u2 in 0 (note that f (u2)= f !(u2) since u2!).
Therefore, u0 # A and (2.2) becomes * 2pu0+ f !(u0)=0 in 0; consequently
u0 is a solution of (P)* , which belongs to A. By the assumption, u0=u * ,
hence u * is a global minimizer of 8 in W 1, p0 .
Now, if =>0 is sufficiently small, then any u # C 10(0 ) with &u&u * &C 1<=
satisfies u # A because u * is an interior point of A. Furthermore, for any
u # A
8(u)&8 (u)=|
0
|
u(x)
0
( f !(s)& f (x, s)) ds dx
=|
0
|
u1(x)
0
( f !(s)& f !(u1(x))) ds dx
is a constant independent of u. Since u * is a global minimizer of 8 , it conse-
quently becomes a local minimizer of 8 in C 10 .
Remark 2.1. The proof of Lemma 2.2 is essentially due to Bre zis and
Nirenberg [3] (see also Ambrosetti et al. [1]).
Lemma 2.3. Let * # (0, 4) and assume that (P)* admits no solution in A
except for u * . Then u * is a local minimizer of 8 in W 1, p0 .
Proof. Suppose that for any neighborhood O of u * in W 1, p0 , there exists
v # O such that 8(v)<8(u *). Then, for sufficiently small =>0 there exists
v= # B= such that 8(v=)<8(u *), where B= :=[u # W 1, p0 (0); &u&u *&2=],
because Sobolev’s inequality allows us to take a neighborhood O/B= of u *
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in W 1, p0 . Moreover, we may assume that v= is a global minimizer of 8 in
B= without loss of generality.
If &v=&u *&2<=, then v= becomes a local minimizer of 8 in W 1, p0 , hence
v= is a solution of (P)* and 0<v=1. We next consider the case
&v=&u *&2==. Define K(u)=&u&u *&222. Then there exists Lagrange’s
multiplier += such that 8$(v=)=+=K$(v=), i.e.,
* |
0
|{v= | p&2 {v= } {‘ dx&|
0
f !(v=) ‘ dx=+= |
0
(v=&u *) ‘ dx (2.4)
for all ‘ # W 1, p0 . In order to show +=0, suppose +=>0. Then there exists
h # W 1, p0 such that (8$(v=), h) <0 and (K$(v=), h) <0, where ( } , } )
denotes the duality product between W 1, p0 and its dual space. Since
Taylor’s theorem gives K(v=+{h)=K(v=)+{(K$(v=), h)+o({), we get
K(v=+{h)<=22 for sufficiently small {>0, and hence v=+{h # B= . In the
same way, we have 8(v=+{h)<8(v=). These facts mean that v= is not a
global minimizer of 8 in B= , which is a contradiction. Thus we have
shown +=0. Now, we will return (2.4), i.e., * 2pv=+ g(+= , x, v=)=0,
where g(a, x, s) := f !(s)+a(s&u *(x)). Noting u *1, we can observe
that g(a, x, s)0 in [a0]_0_[s0] and g(a, x, s)0 in [a0]_
0_[s1]. These facts assure that 0v=1. Moreover, there exists a
number M>0 such that M is independent of = and +=&M. Indeed, sup-
pose that +=  & as =  0. Then, for sufficiently small =>0, g( += , x, s) is
decreasing in s and (2.4) has a unique solution v= u * , which contradicts
8(v=)<8(u * ). Therefore, in any case, Lieberman’s regularity result [10]
yields &v=&C1, ;C for some constants C>0 and ; # (0, 1) independent of =.
Thus, the AscoliArzela theorem allows us to take a subsequence [v=$]
of [v=] satisfying v=$  u * in C 1 (here, we have used v=$ # B=$). This result,
together with 8(v=$)<8(u *), contradicts Lemma 2.2. K
Remark 2.2. Bre zis and Nirenberg [3] have shown that for a certain
functional corresponding to semilinear elliptic equations, its local minimizer
in C 1 becomes a local minimizer in H1=W1, 2. Lemma 2.3 is a partial
extension of [3] to W1, p versus C1.
Proof of Theorem 1.2. Define 8 as (1.1). As mentioned in Introduction,
8 satisfies the PalaisSmale condition. Let A be the set defined by (2.1).
If there exists a solution distinct from u * in A, then we have nothing to
prove. Thus we may assume that there exists no solution in A except for
u * . Then, from Lemmas 2.1 and 2.3, we have obtained two local minimizers
0 and u * of 8 in W 1, p0 . Therefore, it follows from an extended mountain
pass theorem by Pucci and Serrin [12, Theorem 4] (see also [14,
Corollary 3.15]) that there exists a third critical point of 8, which is a
solution of (P)* distinct from 0 and u * . K
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